In this note, we study the application of Q-algebras to strict quantization. In the case of a torus with a constant Poisson structure, our quantization gives the same star product as Rieffel [8] . And in the case of a 2-sphere, our quantization produces the fuzzy sphere.
Introduction
The notion of a Q-algebra was introduced by Albert Schwarz [11] in the study of noncommutative supergeometry and gauge theory.
The idea of noncommutative geometry goes back to algebraic geometry and the famous Gelfand-Naimark theorem. All properties of a closed smooth manifold X are encoded in the algebra C ∞ (X) of smooth functions on X, and a map from X to Y defines an algebra homomorphism from C ∞ (Y ) to C ∞ (X). This correspondence between geometric spaces and commutative algebras is extended to noncommutative geometry and algebras by Alain Connes and his followers [3] . Roughly speaking, in noncommutative geometry, every associative algebra is considered as an algebra of functions on a "noncommutative space". Noncommutative geometry studies the generalized notions of conventional geometry, and uses our geometric intuition to obtain new and better understanding on some noncommutative (even commutative) algebras, i.e. the algebras of functions on noncommutative tori.
One can say (not very precisely) that supergeometry is supercommutative noncommutative geometry. The algebra C ∞ (X) of smooth functions on a supermanifold X is a Z 2 -graded supercommutative algebra and a map from supermanifolds X to Y is an algebra homomorphism from C ∞ (Y ) to C ∞ (X). In general, we can "define" a "noncommutative supermanifold" as a "space" having a Z 2 −graded associative (but not necessary supercommutative) algebra of functions. Of course, this definition is as formal as the definition of noncommutative space in terms of an associative algebra of functions. It is safe to say that noncommutative supergeometry combines ideas of both noncommutative geometry and supergeometry.
A vector field on a supermanifold X is a derivation on the supercommutative algebra C ∞ (X). An odd vector field corresponds to an odd derivation, which changes the parity of an element in C ∞ (X).
Definition 1.1 A supermanifold equipped with an odd vector field Q obeying Q 2 = 0 is called a Q−manifold.
A natural generalization of Definition 1.1 to noncommutative geometry leads to the following definition. Definition 1.2 A Q-algebra A is a graded associative algebra with a derivation Q of degree 1 and an element ω ∈ A of degree 2 satisfying
for all x ∈ A.
Schwarz [11, 12] studied the theory of modules over a Q−algebra and proved a general duality theorem in this framework which generalized the SO(d, d; Z) duality of gauge theories on noncommutative tori to Q−algebras. In particular, he discovered an interesting connection between Q−algebras and deformation quantization.
The problem of formal deformation quantization of a general Poisson manifold was solved by Kontsevich [7] . Kontsevich's construction implicitly used the topological BV sigma-model [1] , which was explained by Cattaneo and Felder [2] . However, in Kontsevich's star product, the parameter is a formal one. The problem whether one can make into a real number and construct a continuous family of associative multiplications is much harder. Schwarz [12] suggested a way that allows one to circumvent the above strict quantization problem using Q−algebras. We explain this idea in the following paragraph.
We recall Fedosov's method of formal deformation quantization of symplectic manifolds. One starts with a standard formal Weyl algebra W corresponding to a symplectic vector space. Also, one can construct a Weyl algebra bundle W over a symplectic manifold X through the principal symplectic group bundle. A torsion free symplectic connection on X lifts to a connection on bundle W, which determines a structure of a Q−algebra on the algebra of W−valued differential forms Ω(X, W). Fedosov's results on deformation quantization can be reformulated into the property that Q−algebra Ω(X, W) is equivalent to a differential graded algebra (DGA) and this DGA is quasi-isomorphic to an associative algebra A(X) that can be considered as a quantization of X.
as a vector space, and the product on A(X) is translated to a star product on
Since Ω(X, W) is quasi-isomorphic to A(X), they share the same geometric properties, i.e. cohomology, characteristic classes, and K-theory, etc. The crucial observation [12] is that the parameter in Ω(X, W) can be made a real number, and then Ω(X, W) becomes a complete topological algebra. This is achieved by an appropriate modification of the notion of Weyl algebra, which becomes a complete nuclear local convex algebra depending smoothly on the real parameter . Then one can consider a "new" Weyl algebra bundle W, and a "topological" Q−algebra Ω(X, W) as the space of sections of W. Schwarz [12] proposed that one can study the algebra Ω(X, W) to obtain the information of the strict deformation quantization of X through quasi-isomorphisms.
To realize the above proposal, we need to know how to modify the formal Weyl algebra into a "nice" topological algebra. This question has many different possible answers. Schwarz [12] suggested one candidate for the answer. We find that the proposed algebra is hard to work with in the case of noncommutative tori. Gracia-Bondia and Várilly [5] studied the largest possible * -subalgebra of tempered distributions on R 2n where the "twisted product"(convolution product) is defined. This * -subalgebra is invariant under Fourier transform and is very "big", which contains the rapidly decreasing smooth functions, the distributions of compact support and all polynomials, etc. Later, Dubois-Violette, Kriegl, Maeda and Michor [4] 
, whose definition will be recalled in Section 2.1. They suggested that (O ′ M (R n ), * ) be viewed as the covering space of a noncommutative torus T θ , where θ is a constant Poisson structure on an n−dimensional torus. In this paper, we will follow this suggestion and use the subalgebra (O C , * ), the Fourier transform of (O ′ M (R n ), * ), as the fiber of the new Weyl algebra. The advantage of the algebra O C is that it is closed under Poincaré homotopy, and therefore the de Rham differential is exact on O C .
The paper is arranged as follows. In Section 2, we will prove that in the case of a torus with a constant Poisson structure, Ω(T n , W) is quasi-isomorphic to the algebra of the corresponding quantum torus. In Section 3, we will construct a Fock module of Ω(X, W) on a compact Kähler manifold. We illustrate that the existence of a nontrivial curvature enforces the parameter to take value in a discrete set. In the case of a standard 2-sphere, this construction gives rise to the well-known fuzzy sphere.
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Quantum Tori
In this section, we exhibit a construction of quantizing a constant Poisson torus following the idea described in the Introduction. We obtain the quantization in three steps:
1. quantization of R n ;
2. Q−algebra;
3. quantization.
Quantization of R n
In this part, following the ideas of Dubois-Violette, Kriegl, Maeda and Michor [4] , we introduce an algebra which plays the role as the Weyl algebra in the formal deformation quantization.
We recall here some well-known results in the distribution theory. Let S(R n ) be the space of rapidly decreasing smooth functions f for which
is bounded for all k ∈ N and all multi-indices α ∈ N n 0 , with the locally convex topology described by these conditions, a nuclear Fréchet space. Let S ′ (R n ) be the dual space of S(R n ) consisting of tempered distributions. Let O C (R n ) be the space of all smooth functions f on R n for which there exists
is bounded for each multi-index α ∈ N n 0 , with the locally convex topology. O C (R n ) is a complete nuclear (LP-) space. Let O ′ C (R n ) be its dual space consisting of rapidly decreasing distributions.
Let O M (R n ) consists of all smooth functions on R n such that for each multi-index We have the following relations among the above introduced spaces:
where in the above, ι is the embedding map, and F is the Fourier transform. In Section 3, [4] , the following theorem is proved.
Theorem 2.1 The following convolution
where ω is the standard symplectic two form on R 2 . The product * is an associative bounded multiplication on the space O ′ M (R 2 ) of speedily decreasing distributions. It is smooth in the variable ∈ R.
The following formulaâ
defines a bounded linear mapping
and e itQ f (u) def = e itu f (u). This representation is injective if = 0, and is an algebra homomorphism from product (1) to the operator composition. The analog on R 2n also holds.
We calculate the pullback of * to O C through Fourier transformation. Let f, g ∈ O C . Then
Therefore, we define on O C (R 2n ) a product * by
In the following, we will use (O C (R 2n ), * ), a complete nuclear (LP)-algebra, as our model of the noncommutative euclidean space.
Construction of a Q-algebra
In this subsection, we will construct a Q−algebra, actually a differential graded algebra. (We call a constant symplectic (Poisson) torus by a torus with a constant symplectic (Poisson) structure.) For convenience, we work explicitly on a 2-dimensional torus, and the same method also can be generalized to an n-dimensional torus without extra effort.
Let (T 2 , ω) be a 2-dimensional symplectic torus and C ∞ (T 2 ) be the algebra of smooth functions on T 2 . Denote W to be a trivial infinitely dimensional vector bundle over T 2 with the fiber isomorphic to O C (R 2 ). We consider the following algebra
where ⊠ is the projective tensor product with respect to the topologies. We remark that we need to replace the standard symplectic form in (3) by the symplectic form on the torus, in order to include the information of the symplectic (Poisson) torus in the definition of * on O C . The product on A is defined as follows
where x and y are coordinates on T 2 and R 2 , f (x) and g(x) are restrictions of f, g to x, and * between f (x) and g(x) are the 'twisted product' defined in Theorem 2.1. Ω(T 2 , W) can be viewed as the space of smooth sections of W, and is naturally graded by the degree of differential forms. In the following, we will define a Q operator on Ω(T 2 , W).
where x i s are the coordinates on T 2 and y i s are the coordinates on R 2 . It is straightforward to check that deg(Q) = 1 and Q 2 = 0. Therefore, (A, Q) is a differential algebra and therefore a Q−algebra with ω = 0.
Quantization
In this part, we prove that the Q−algebra Ω(T 2 , W) defined in the previous subsection is quasi-isomorphic to C ∞ (T 2 ). By the identification between the 0-th cohomology of (A, Q) and C ∞ (T 2 ), we will obtain a quantization map.
is acyclic with the 0-th cohomology equal to C ∞ (T 2 ).
Proof. The crucial part of the proof already appears in [4] for different purposes. By changing coordinatesx = x − y,ỹ = x + y, we have the following observations.
denotes the differential forms on T 2 × R 2 along the direction of y.
Under the above isomorphism, Q is mapped toQ
The following are reasons for the acyclicity ofQ.
1. Poincaré lemma forQ. It is easy to see thatQ is the de Rham differential along thẽ y direction on T 2 × R 2 , and subspace of T 2 × R 2 along theỹ direction is isomorphic to R 2 . Therefore, the Poincaré lemma is true onQ.
2. Look at the homotopy formula constructed in the Poincaré lemma, i.e. ψ(x) = 1 0
by a simple estimation. (This has been observed in [4] .)
Therefore, by the isomorphism between Q andQ, we conclude that Q is also acyclic. The 0-th cohomology of Q is equal to the solution of the following equation in Ω(T 2 , W):
Obviously, the solutions of (4) are functions on T 2 ×R 2 of the form g(x+y). Therefore, the map σ :
, defines an isomorphism between the 0-th cohomology of Q and C ∞ (T 2 ).2 By Theorem 2.2, we define a quantization map
From the construction, we see that ⋆ is smooth with respect to . We can look at the bundle V on T 2 , V = S(R) × T 2 → T 2 . By Theorem 2.1, there is a natural representation of O C on S(R). Hence, we obtain an action of Ω(T 2 , W) on V acting by pointwise multiplication. Accordingly, we have a representation of (C ∞ (T 2 ), ⋆ ) by composing R with Q. By this representation, we can define an involution * and a pre C * −norm on (C ∞ (T 2 ), ⋆ ) using Hilbert module techniques. It is easy to check that (C ∞ (T), ⋆ , * , || || ) satisfies the definition of a strict deformation quantization as defined in Rieffel [8] .
Therefore, by using Q−algebra, we have obtained a strict deformation quantization of a Poisson torus.
Remark 2.3
Our results of strict deformation quantization of a Poisson torus actually coincides with Rieffel's [8] construction. What we have done here is a geometric explanation of Rieffel's method. Similarly, we can use this Q−algebra method to obtain all the examples constructed in Rieffel [8] .
Fock module and fuzzy sphere
In section 2, we showed that our quantization program works very well when the Poisson structure is constructed from an R n action, c.f. [8] . In this section, we introduce the notion of a Fock module.
Let X be a compact Kähler manifold. At any x of X, T * x X is equipped with a riemannian metric. We define an idempotent element p
in (O C , * ), where | · | denotes the riemannian metric. It is easy to check that p * p = p . Furthermore p is a well defined function over T * X and therefore defines a smooth section of W. We define a left projective Ω(X, W) module by Ω(X, W) * p .
On a Kähler manifold, there is a natural choice of a symplectic connection ∇, the Levi-Civita connection. Denote the Christoffel symbols of ∇ by Γ ijk . The operator Q on Ω(X, W) is written as Γ ijk y i y j dx k , and d = dx i ∧ ∂/∂x i .
One can define a connection ∇ F on F using Q as follows, ∇ F (a * p ) = Q(a) * p + a * Q(p ) * p .
The curvature of ∇ F is calculated to be Q 2 (a) * p + a * Q 2 (p ) * p − a * (Q(p ) 2 ) * p .
It is straight forward to check that Q(p ) = 0, and the curvature of ∇ F is equal to i R, where R is the curvature of ∇. The corresponding characteristic classes c i (F ) of F is equal to c i (T * X) , where c i (T * X) is the characteristic class of T * X. When F is a vector bundle over X, (a projective module of C ∞ (X)), the characteristic classes of F must be integers. This forces to take values in a discrete set.
Let L be the canonical line bundle over X. Fixing a natural number k, the direct sum ⊕ i∈N L ⊗ik is an infinite dimensional vector bundle over X. The set of holomorphic sections of the bundle ⊕ i∈N L ⊗ik generates a projective Ω(X, W) module. This module is isomorphic to F when is equal to 1 k . We look at the above construction on CP 1 , which is a Kähler manifold. It is known that the action of C ∞ (CP 1 ) on L ⊗k , k → ∞ gives rise to the famous Fuzzy sphere. Therefore, by the isomorphism between F and the geometric bundles, we conclude that the Fock modules F on CP 1 provides a construction of the Fuzzy sphere.
